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On the Early History of Bessel Functions

Jacques Dutka

Communicated by Curtis Wilson

1. Introduction

Linear differential equations of the second order are of fundamental import-
ance in physical and technological applications. Among the most frequently
encountered of such equations in BesseFs equation, defined by

xV + *y + (*2 - v2)y= o (i)

where v is an arbitrary complex parameter. The solutions of this equation,
termed Bessel functions, are perhaps the most extensively tabulated of the

higher transcendental functions. As technology and applied physics continue to

develop, new applications of Bessel functions grow apace.
But Bessel functions are also important in pure mathematics in connection

with problems in number theory, integral tansforms, the evaluation of integrals,
the theory of differential equations, etc. They were firstsystematically investi-
gated by F. W. Bessel [2], perhaps the outstanding astronomer of the nine-
teenth century, in 1824. However, for about a century previously, particular
cases were obtained in important researches in mechanics, astronomy, and the
conduction of heat by D. Bernoulli, L. Euler, J.L. L. Lagrange, J.B. J.
Fourier, S. D. Poisson and others.

The most extensive treatise on Bessel functions is that of G. N. Watson [1]
which will be taken as the standard reference here. This monumental work gives
a detailed and well-nigh exhaustive exposition of the subject as developed up to
the early part of this century with numerical tables and an extensive bibliogra-
phy. Watson [1; Ch. I] also gives a historical sketch of the subject, including
the work of Bessel, but concentrates primarily on the mathematical results
without a detailed analysis of the interesting physical problems which led to
these results. A brief discussion of the history of Bessel functions was sketched
by G. A. Maggi [1], and a more extensive treatment, dealing essentially with
developments in the firsthalf of the nineteenth century, was given by C.
Wagner [1]. The prodigious report of H. Burkhardt [1] contains valuable
summaries of the problems considered, and the results obtained by early investi-
gators of Bessel functions.

The principal purpose of this paper is to supplement these accounts by
giving a more detailed and connected account of the physical problems which
led to these developments. A secondary purpose is to call attention to the
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106 J.Důtka

important but little known work of Bessel on trigonometric series, published
independently of and prior to the treatise of J. B. J. Fourier.

In many cases, the original notation has been modernized and follows that
of Watson [1], The original proofs of the results derived by early investigators
have often been replaced by simpler or briefer treatments to make them more
accessible to modern readers.

2. Some properties of Bessel functions

In the literature, Bessel functions are most frequently obtained by applying
Frobenius' method forthe solution of linear differential equations in the form

of series, to (1.1). But other approaches are also utilized including recursive

functional equations, integral representations, confluent hypergeometric func-

tions, limits of solutions of second order linear differential equations, etc. They
have also been obtained as particular cases from unified theories of special
functions by G Truesdell [1] and W. Miller [1]. Each of these approaches
has advantages in special applications.

Here Bessel functions will be derived by the method of generating functions

stemming from P. A. Hansen (1843) and O. Schlömilch [1] in 1857.

The series cxp(xt/2) = Z?=0(xt/2)k/k' and exv(- x/2t) = Z?=0(-l)k(x/2tf/k'
converge absolutely forall values of i, except forthe second series at t= 0.

Their product converges absolutely forall non-zero values of t Thus one gets
the generating function development

Œpn(t-r1)= Z fJn(x) (1)
^ n- -oo

in which the term involving t*in the firstseries is associated with the term

involving f~k in the second series and the series on the right converges

absolutely forall non-zero values of L Thus for the coefficients of ť and t~n,

one has

Jn(x)= (x/2)"t( - IfJ^fjy , (MO) = 1,JM = 0;n* 0) (2)

and

J_„(x)-(-irJ„(-x). (3)

These are called Bessel functions of the firstkind and integral order. On

differentiating (1) with respect to x and t respectively, one gets on equating

powers of t

Jn_x(x)~Jn+1(x) = 2j;(x),

Jn_x(x) - Jn+1(x) = (2n/x)Jn(x).
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On theEarly History ofBessel Functions 107

It follows from the second of these relations that the functions of all integer
orders can be calculated when two adjacent functions, say J0(x) and Jx(x' are
known. On adding and substracting these equations, one gets

xJ'n(x) + nJn(x) = xJn_!(x),

xJ'H(x) - nJn(x) = - xJn+1(x).

On multiplying by xnand x~n, respectively, one obtains

^-[AW]=A-i(x),
<6)

- [x"Vll(x)]= -x"V,+ 1W.

Rewrite these equations in the form

d

X
i&)

^[x1""Jn_1(x)]= -xl~"Jm(x).

and eliminate J„-i(x) to obtain Bessel's differential equation for J„(x):

x^ + *^ + (*>-„V,(*) = 0. (7)

When n is replaced by an arbitrary complex number v,one gets the homogene-
ous second order differential equation

x2y" + xý + (x2 - v2)y = 0 (8)

named forBessel. (Cf. (1.1).) In the older literature, the solutions of this equa-
tion are sometimes called "Fourier-Bessel functions" or "cylindrical functions",
the latter name arising from their frequent occurrence in the analysis of physical
problems involving circular cylinders.

The general solution of (8) is

y= AJv(x) + BYv(x), (9)
where

mťo m!(v + m)!

1 (10)

Yv(x) = [ Jv(x) ' COSV7Ü - J-v(xJ]sin V7c

and A and B are arbitrary constants.
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108 J.Důtka

3. On James Bernoulli's problem

As early as 1694, John Bernoulli (1667-1748) came upon the nonlinear
firstorder differential equation

y' = x2 + y2 (1)

in connection with work on curves, but was unable to solve it. (This is
a particular example of a class of equations investigated in the early eighteenth
century by Count Jacopo Riccati (1676-1754) and which is named for him.)
James Bernoulli (1654-1705), the older brother (and rival) of John finally
succeeded in solving this equation, after many fruitless efforts.The solution was
in the form of an infinite power series in x, and was given in a letter to G. W.
Leibniz [1; Vol. Ill, 74-75] of 3 October, 1702. This solution appears to be the

earliest example in the mathematical literature of a result reducible to Bessel
functions.

In effect,James introduced a new variable u in (1) defined by

- 1du
J>= T (2)

u ax

and thus obtained a linear second order homogeneous equation

u» + x2w = 0 (3)

which he proceeded to solve by the method of series. Assume u = Z^o^nX".
Then on substituting in (3), one gets

/ x<_ + _x* x12 + ' " '

U~fl°V 4-l!-3
+

42-2!-3-7 43-3!-3-7-ll
+ ' "

')

( S_ + _^_ x13 '
+
ãíyx 4-l!-5

+
42-2!-5-9 43-3!-5-9-13 )

= a0S0(x) + a1S1(x) (4)

in which a0 and ay are arbitrary constants. If this is substituted in (2) with

a0 =¥0, a-i= 0, then one gets James Bernoulli's solution by division

yo(x) x3 x7 2x" 13x"

y~~Š^č)~ 3 +32-7
+
33-7-ll

+ 34-5-7-ll+ PJ

(Cf. Watson [1; 2].)
The form of the coefficients of the powers of x in (4), involving products of

factorials in the denominators, suggests a relation with Bessel functions (2.10).
Indeed, E. C. J. von Lommel (1837-1899) obtained a generalized form of

Bessel's differential equation which is satisfied by y- x*Jv(ßxy) where a, ß,

y are constants:

x2y" - (2a - l)x/ + Kßyx')2 + (a2 - v2y2)] y = 0 (6)
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On theEarly History ofBessel Functions 109

(Watson [1; 97]). The solution may be written in the form

y= x*lAJv(ßyxy) + BJ-v(ßyxvy] (7)

where A and B are arbitrary constants. From this it is seen that

u = Jx ÍAJíl4(x2/2) + BJ. 1/4(x2/2)] (8)

is a solution of (3). (There is a typographical error in Whittaker & Watson [1;
356] where itis stated that the Bessel function is of order 1/3,and this has been

repeated by some authors.)
From (2) and (8) it follows that

u' x[CJ,3(z) + J,(2)] _x*y~ u J^{z)-CJ,{z)
' Z~2' W

where C = - A/B. On setting C = 0, one obtains (5).
Following the discovery of the calculus, mathematicians in the latter part of

the seventeenth century devoted much attention to the solution of differential

equations and by the next century virtually all the classical methods for solving
firstorder differential equations had been developed. In the early eighteenth
century, equations of higher order began to be studied.

(Count Riccati investigated curves whose radii of curvature are functions

only of their ordinates and was thus led to a non-linear firstorder equation of
the form

/ + ay2 = bx* (10)

where a and b are constants and a is not necessarily an integer. The equation
attracted the attention of John Bernoulli's family. His second son, Daniel
(1700-1782) showed in 1724 that the equation is integrable in finite terms when
a is of the form - 4/c/(2/c± 1) where k is a non-negative integer.)

4. Some physical investigations in the Post-Renaissance era

In Europe, there was an efflorescence in the development of music in the
seventeenth century. This was complemented by empirical and experimental
studies of the physical as well as the aesthetic properties of musical instruments
and their interdependence. In parallel with this, many scientists, building on
studies made in antiquity as well as later developments in the medieval period,
made notable advances. In particular, the monochord, already considered by
the school of Pythagoras in the sixth century B.C. (in the development of the
laws of musical harmony) and their successors, received special attention, and
notable advances were made. The dependence of the frequency of vibration of
a stretched string on its length, tension and density was clarified and phe-
nomena such as the presence of overtones and nodes, etc., in a vibrating string
were discovered or rediscovered. M. Mersenne (1588-1648) found that the
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firstorder differential equations had been developed. In the early eighteenth
century, equations of higher order began to be studied.
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110 J.DUTKA

frequencies of vibration were inversely proportional to their lengths and directly
proportional to the square root of their thicknesses.

One of the earliest mathematical contributions to the newly developed
science of acoustics (the term was coined by Joseph Sauveur), was the memoir
of Brook Taylor (1685-1731) in 1713 [1], who gave a dynamical solution of
the problem of the vibrating string. He supposed that a continuous stretched

string, of length /and total mass ml,fastened at both ends, was composed of an
"infinite" number of equal particles. In effect,by a consideration of the forces

acting on a differential element of the string, he obtains an equation of the form

a2x = šyý where š is the time derivative of the arc length. At any time the string
has the form y= A sin(x/a) and y= A when x = 1/2so that a = l/n.Then, for
the fundamental frequency of oscillation, Taylor finds v= (1/2/)^Jt/g where
T denotes the tension and o = m/g.

In 1727, John Bernoulli sent a letter to his son Daniel in which he
included the analysis of the motion of a vibrating string in the case in which
nequidistantly spaced particles, each having the same mass, are suspended from

a string of negligible mass. (This model had previously been considered by
Christiaan Huygens (1629-1695).) If the spacing of the particles is sufficiently

small, then it approximates a continuously loaded string. Huygens notes the

isochronal nature of the oscillations in which each point of the string passes
through its equilibrium position at the same time. John Bernoulli derived the

fundamental frequency of the system whose equations of motion are of the form

^-y*
=
(-^-{y*+i-iy*

+ y*-ù, fc= u,...,(n-i)f «

where T and M denote the tension of the string and the total mass of the

particles respectively, forthe cases n= 1,2, . . . ,6. (Neither Taylor nor John

Bernoulli considered frequencies of other types of oscillations which was

actually done by Daniel Bernoulli. (See Burkhardt [1; 1-3, 9] and
C. Truesdell [2; 129ff.].))

The solutions of (1) can be expressed in terms of time in the form

J>kM= «k*/(0? where on substituting in (1), one finds that

so that both members equal to a constant. A further detailed analysis is beyond
the scope of this paper, but R. E. Langer [1; Ch. 3] gives the solution

ykit)= av sin - -cos 2i -¡z-r
•sin- ; k and v integers. (2)n V V ^ nJ

For further details see Truesdell [2; 132 ff] and Cannon & Dostrovsky

[1; Ch. 8].
The analysis of a variant of the vibrating string problem by John Ber-

noulli's son, Daniel, led to the firstappearance of a particular Bessel function

in a physical context.
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On the Early History of Bessel Functions 111

5. Daniel Bernoulli's problem of the oscillations of a hanging chain

The earliest dynamical problem in which what are now termed "Bessel
functions" appeared, was in an investigation by Daniel Bernoulli (1700-1782)
in two memoirs [2] and [3] in 1732. He considered a heavy flexible uniform

chain, suspended from a fixed point and free at its lower end. When the lower
end is slightly disturbed, the chain is assumed to oscillate in a vertical plane
about its position of equilibrium. Daniel Bernoulli sought the form of the
curve of the chain at any time.

His approach was to regard the chain as composed of n linked pendulums
in which the links and the weights suspended from the lower ends of the links
are equal. He extended the methods of Brook Taylor and John Bernoulli for

the vibrating string by setting up a condition expressing the equilibrium of the
forces involved and obtained the continuous case as a limit of the discrete
model by letting nbecome infinite. A different approach, (stemming from Euler
(1707-1783) in two memoirs [7] and [8]) more in accord with the modern

viewpoint, will be given here.
Let /and p denote the length and linear density of the chain respectively.

Let OX denote the vertical axis (upward) and OY the horizontal axis where
O is the position of stable equilibrium of the lower end. Consider a point P on
the chain with abscissa x. The tension T at P is pgx, the weight of the chain
below P. A differential element PQ of the chain is of length õs and mass pôs.
For a slight disturbance of the chain, dy/dx«l, so that Ss ~ ox. To a firstorder
approximation, the vertical component of the resultant of the tensions at P and
Q is zero, and its horizontal component is

The equation for the horizontal motion is

. d2y d ( ôy' .

or

d2y d ( Ôy'

Assume the solution of this equation is of form y = u{x)-T(t' where u and
T are twice differentiable functions of x and t respectively. On substituting in
(1) one has

T udx'Xdx)'
If the constant - œ2 denotes the common value of both members (where the
negative sign corresponds to the fact that the motion is periodic and bounded),
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112 J.DŮTKA

one gets the equations

t=-<*t, xpí+dJt+<lu=0.dx2 dx (2)dx2 dx g

The solution of the firstequation is T = cos (cat + cp)and the second was solved
by Bernoulli by the method of series (Bernoulli [2; 116] and [3; 172]);

/ 2 c4x2 c6x3 c8x4 '
u - ao'i - CX+2

-^p 22-32
+

22-32-42
~~

J

where c2 = o)2/^. (c2 is the reciprocal of the length of the simple isochronous

pendulum corresponding to the system.) Now the differential equation foru is
a particular case of Lommel's equation (3.6) whose general solution is of the

form

u = AJ0{2cy/x) + BY0{2Cy/x) (4)

where A and B are constants. (A slightly more general form of the differential

equation for u was later solved by L. Euler [3; %977].) At the freeend of the

chain, u must be small since the oscillations are small, so that B = 0. Thus one

gets as the solution for y

y= CJ0(2cJx) •cos(o)t + cp' J0(2Cyfl) = 0 (5)

Any root of the second equation determines a particular value of c and
a proper frequency of oscillation about OX, the axis of stationary equilibrium.
The constants C and q>are determined from the position and velocity of the

free end at t= 0.

Bernoulli [2; 116] assumed that J0(2cx//) has an infinite number of real
zeros. To solve forsome of the smaller values, he employed an extension of

a method which he had developed in 1728 for determining the largest (smallest)
root of a finite algebraic equation (Bernoulli [1]). (The correctness of Be-

rnoulli's assumption was proved by Bessel [3] in 1824. Actually ifv> - 1,
Jv(x) can only have real zeros. (Watson [1; 483]).) The zeros of J0{2cyfl) yield
the angular frequencies of the system, and from this the proper vibrational
modes. If comdenotes the mthangular frequency and am,the mlhzero of J0(x'
m = 1,2,3, . . . , then am= 2a>my/l/g and since (1) is a linear equation, itfollows

that the general solution of the problem is obtained by superposition:

Daniel Bernoulli made experiments with a chain consisting of short links

loaded with small masses and partially confirmed some of the important phys-
ical implications of his results for the theory of vibrating systems. These marked
a considerable advance over the results of his predecessors.

He also considered other types of boundary conditions in which a uniform

chain of length /is suspended from a string of length Xof negligible mass, etc.,

as well as a special case of a non-uniform chain.
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On theEarly History ofBessel Functions 113

Daniel Bernoulli's work was shortly developed further by L. Euler [1]
who employed similar analytical methods. For the case of n equal weights
uniformly spaced on a vertically suspended cord of length /,if yk- yk(x)
denotes the transverse displacement of the kthweight from the lower end of the

cord, 0 ^ k^ n- 1,Euler obtains an equilibrium condition equivalent to

A' n)- m-
+m-wrr'myt9 yn=0>(7)

where m= pl/n for the linked pendulum. This, in effect,is the recursion relation
of what were later termed the "Laguerre polynomials"

(k + l)Lk+1(x) - (2k + 1- x)Lk(x) + kLk-x(x) = 0 (8)

with
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It was solved by Euler in the form

yk= y0-Lh(l/na)9 (10)

where a is such that Ln(l/na) = 0. (As n~> oo, one finds that Lk(x/l) -* J0{2^/x'
The relation between the zeros of the Laguerre polynomials and the Bessel
functions is discussed by G. Szegö [1; 123f].) Euler confirms Bernoulli's
results in the continuous case, and also considers a non-uniform chain in which
the density from the lower end varies as x' He obtains the equivalent of

x d2u du -
1ryl*dx2 Tdx + c2u

- = 0. (11)v ;n+ 1dx2 Tdx v ;

Euler [1; %21ff] points out that forn= - 1/2,this is a Riccati equation.
He sets q = - (n + l)c2x and obtains a result equivalent to

u = Aq-»¡2In(2fq), (12)

where IH{2y/g) is a modified Bessel function of order n. (These functions may
be obtained from the generating function developement expx(r + t~x)/2 =
Z:.*L„fIß(x). Cf. (2.1).)

The memoirs of Bernoulli [2] and [3] have been reproduced, with English
translations, by Cannon & Dostrovsky [1; Appendix]. A detailed discussion
of the physical interpretations of the foregoing results is given by Truesdell
[2; If23].

About four decades later, Euler [7] and [8] returned to the problem of the
oscillations of a hanging chain. He sets up the equations of motion for a chain
of uniform density, (n = 0 in (12) above). To eliminate the constant c, let us put
z = c2x; we get

d ( du'
dz ' dzj y '
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114 J.DŮTKA

By applying the method of series, Euler obtained a solution, u - J0(2*Jz)
which satisfies the boundary condition {du/dz + u) = 0 at the free end where

2 = 0. (The functions Cn = x~^Jn(2y/x) often arise in physical problems where

they lead to convenient simplifications. They have been called "Clifford
functions" after the English mathematician W. K. Clifford (1845-1879).
See his Mathematical Papers *XXXVII.) The general solution of (4) is

u = AJ0(2y/z) + BY0(2^/z). Euler [7; ^22] gives the equivalent of

u=M2fz){A + Bi'JZ'jl{2y/Z)Ji (4')
JZ'jl{2y/Z)

(Cf Euler [3; ' 977] where Y0(2yfz) is given in series form.) At the upper end
of the chain u ==0 whence B = 0 and the problem reduces to the solution of

J0(2cy/i) - 0 as in (5).
Euler then gives a very ingenious method of approximating the smallest

zeros of J0(2y/z), rx< r2< r3< . . . where rx> 0. (Cf Bernoulli's method

above.) He considers

'o<2^)«iy^n(i-7)
where the product on the right is assumed to converge. Then one gets

For 'z' <rx, the last series converges absolutely. Thus

^-JQ(2y/~z)dz
= J0(z) £ sm+lzm, where sm+1- £ r„-(w+1>

dz m=0 „=i

On equating like powers of z on both sides of the equation, one gets

Sl = 1, s2 = 1/2, 53 = 1/3, s4 = 11/48, s5 = 19/120, ....

Since rïm < smand sm+1 < sm/rly one has

Sm1/m<r1 <sjsm+l9 m= 1,2,3,. . . .

After a few steps Euler gets rt^ 1.445795 to six decimals fl[27). By separating
out the powers of the approximation of ru he gets r2^ 7.6658 and then

r3=*18.63. (C/ Watson [1; 500-507] and Truesdell [1; 317-319].)
Euler [8] discusses the oscillations of a string under its own weight. He

considers the motion of a heavy taut horizontal cord with fixed ends and gets

a solution of the form y= AJ0{2y/u) + BY0(2y/û) in which a series for

Y0(2%/u) is developed. (For additional details, see Truesdell [2; 319-320] or

M. Kline [1; 502-508].)
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On the Early History of Bessel Functions 115

6. Vibrating strings and membranes

About the middle of the eighteenth century, a famous controversy arose
concerning the analytical form of the solution of the partial differential equation
forthe vibrations of a taut horizontal string. From (4.1), on replacing ykby
y(t, x) and l/nby Ax, but keeping the tension constant during the vibrations,
J.Le R. D'Alembert (1717-1783) obtained an equation of the form

d2y&x) 2'y{t,x + Ax) - 2y(t,x) + y(t,x - Ax)' 2
~dF~ =a2I (Ãxf J'a

2=const-
As n-» oo and Ax -» 0, he obtained

d2y(t,x)_ 2d2y(t,x)
dt2

~a
dx2 (1)

forthe motion of the string. The boundary and initial conditions are

y(t,O) = y(t,l) = O; ft(0,x)
= 0 and y(O,x)=f(x) (2)

so that the horizontal string, fixed at both ends, is initially at rest with a form

y=/(*)• The solution to this boundary value problem was found by D'Alem-
bert to be in the form

y(t, x) = i|>(ai + x) - (f>(at- x)] (3)

where cpis at arbitrary odd periodic function of time with period 21,twice
differentiable, and <p(x) =/(x), 0 S x g /.Shortly thereafter, Euler, while ac-
cepting D'Alembert's solution in general, differed with him on what types of
initial configuration /(*) are possible. Euler allows as a particular case a func-
tion of the form/(x) which is not twice differentiable, indeed may be "irregular"
(in the modern sense, continuous with discontinuous derivatives). That was
not accepted by D'Alembert. In 1753, Daniel Bernoulli, basing his argument
on physical considerations, viz., that a single vibration had the form
y= Asinnnx/l-cosnnat/l (a form already given by B. Taylor in a tract of 1715
on finite differences), and that small oscillations could coexist, claimed that the
general solution of the problem was

y(t>x)= 2, bHsin - •cos - - (4)

which is a formal solution of (1) and (2) when/(x) = ZS^iKsin nfi. (As early as
1733, Daniel Bernoulli had published a tract on music in which he discussed
overtones, and claimed that all oscillations are of a sinusoidal character.) But
Bernoulli's solution was not accepted by D'Alembert or Euler, on differing
grounds. In retrospect, itis curious that formally D'Alembert's solution, with its
mathematical basis (3), follows from Bernoulli's solution (4), obtained on
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116 J.DŮTKA

physical grounds. For from the trigonometrical identity

. nnx nnat 1|~ . nn / . . nn , ~|sin-.
y-'cos-- = - sin

. - (at
/ -fx)

. - sin
. - (at

, - x) ;

on substituting in (4), one gets

/ x IS, [. «^ , . nn . 1
y(t,*)
/ x=

2 S M an y (at + x)
, -sm. y (at

.
-x)

= -l(p(at + x) - cp(at - x)*].

In 1759, J.L. L. Lagrange (1736-1813) entered the controversy (Burkhardt
[1; 29-31]), which had already lasted forabout a decade, accepting Euler's
solution as the most general, but differing with Euler on the latter's method of

proof. He proposed to obtain a solution by firstconsidering the case of a finite

number of particles loading a weightless string, and then letting the number of

particles become infinite. In the course of his investigations, he came upon
expressions which are very close to those later obtained by Fourier, but did

not in fact make the change of order of summation and integration which

would have been required.
The controversy, which basically involved the different meanings of the term

"function" for the participants, and the lack of an adequate theory of conver-

gence of infinite series, remained unresolved for many years.
For further details of the controversy see Burkhardt [1; 10-47], Truesdell

[1; Part III], K. Kline [1; 502-508], I. Grattan-Guiness [1; Ch. 1].
After the detailed investigation of the vibrating string, it was natural to

extend the problem to two dimensions - the transverse vibrations of a stretched

membrane with uniform tension maintained along its boundary during the

motion of the membrane. The membrane is regarded as a thin flexible lamina of

uniform density throughout, and the tension per unit length of the boundary
acts perpendicularly to the boundary.

Euler [4] made a difficult and important advance by considering the

vibrations of stretched membranes. He regarded the membrane as being like

a piece of cloth-composed of "infinite" numbers of uniformly spaced threads

along its length (X) and width (Y). The displacement z of a point (x, y) is

a function of x, yand t.Euler sets up the equations of motion fora homogene-
ous membrane in which the tensions in the X and Y directions are equal with

no external forces acting on it.(The physical analysis of the problem is treated

in texts on boundary value problems or acoustics and will not be discussed

further here.) He obtains an equation of the form

ô2z 2fô2z Ô2z' ,«

where the right member of the equation is proportional to the sum of the forces

in the X and Y directions, and a2 depends on the tension and density of the

membrane.
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proof. He proposed to obtain a solution by firstconsidering the case of a finite

number of particles loading a weightless string, and then letting the number of

particles become infinite. In the course of his investigations, he came upon
expressions which are very close to those later obtained by Fourier, but did

not in fact make the change of order of summation and integration which

would have been required.
The controversy, which basically involved the different meanings of the term

"function" for the participants, and the lack of an adequate theory of conver-

gence of infinite series, remained unresolved for many years.
For further details of the controversy see Burkhardt [1; 10-47], Truesdell

[1; Part III], K. Kline [1; 502-508], I. Grattan-Guiness [1; Ch. 1].
After the detailed investigation of the vibrating string, it was natural to

extend the problem to two dimensions - the transverse vibrations of a stretched

membrane with uniform tension maintained along its boundary during the

motion of the membrane. The membrane is regarded as a thin flexible lamina of

uniform density throughout, and the tension per unit length of the boundary
acts perpendicularly to the boundary.

Euler [4] made a difficult and important advance by considering the

vibrations of stretched membranes. He regarded the membrane as being like

a piece of cloth-composed of "infinite" numbers of uniformly spaced threads

along its length (X) and width (Y). The displacement z of a point (x, y) is

a function of x, yand t.Euler sets up the equations of motion fora homogene-
ous membrane in which the tensions in the X and Y directions are equal with

no external forces acting on it.(The physical analysis of the problem is treated

in texts on boundary value problems or acoustics and will not be discussed

further here.) He obtains an equation of the form

ô2z 2fô2z Ô2z' ,«

where the right member of the equation is proportional to the sum of the forces

in the X and Y directions, and a2 depends on the tension and density of the

membrane.
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On theEarly History ofBessel Functions 117

Euler's solution for the case of a rectangular membrane is proportional to
a product of sinusoidal functions of x9y and trespectively. He then proceeds to
consider the case of a circular membrane in which the tension along the

boundary is uniform. He introduces what are essentially cylindrical coordinates
(r,0, z) in place of the rectangular coordinates and substitutes in (5). After
a straightforward but lengthy calculation, Euler [4, If15] finds

ô2z ,(ô2z l dz 1 õ2z'
^-a'^

+ ~r^7W)' (6)

Assume the solution is of the form z(r,0,i) = u(r)v(8)T (t). Then one obtains the

equations

d2T . A r2(d2u 1du , ' 'd2v
-ï- + œ2T

. = A
0; _ _ + -_ + û>2ii, ==- - . 7)-ï-dt2 u 'dr2 r dr ) vd62

A solution of the firstof these is T = cos (coi + cp' q>an arbitrary constant, and
the second equation implies that both members are equal to a constant, which
from physical conditions, is positive, say p2. Then one has v= cos(p6 + 'j/)and

d2u l du (co2 p2'
dr2 r dr 'a2 u2/

which is essentially of the form (1.1), with the solution

and the boundary conditions, w(0) finite, u(p) = 0, where p denotes the radius of
the membrane. Thus from these conditions one finally gets

z ==A cos(cot + q>)-cos(p6 + i¡/)•JpI - r' , Jp(cop/a) = 0 . (10)

Euler develops the power series forJp(œp/a) in If17 and states that the second
equation in (10) has an infinite number of roots corresponding to each of the
values p = 0, 1,2, ... . (The values of (r,0) and (r,0 + 2nn) are equal so that
p must be an integer forz to be single-valued and periodic.)

7. A problem in structural mechanics of Leonhard Euler

Early in his career, Euler had considered problems involving the bending of
rods subjected to various types of loads which had already been investigated by
James Bernoulli. In 1743, motivated by some questions of Daniel Bernoulli,
he published a treatise concerned with the deflections of elastic bands which are
loaded, and with the vibrations of such bands. But this work received compar-
atively little attention. In 1757 and 1778, Euler [2], [5] and [6] took up the
problem of the buckling of a column under its own weight. The results which
he obtained are fundamental in the theory of structural engineering.
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118 J.DŮTKA

If a short uniform rod or wire is clamped vertically, it will remain in
a vertical position. But as the length is increased, a critical value is reached

beyond which the rod tends to bend from the vertical. (A part of the weight of

the rod acts through a moment arm which is proportional to the length by
which the center of gravity has deviated from the vertical. This torque causes
the rod to bend.) Euler considered the determination of this critical value, and
assumed the hypothesis of James Bernoulli that the curvature of the rod at

any point is proportional to the bending moment at that point.
Let /and w be the length and weight per unit length of the rod respectively

and let ß denote its flexural rigidity. Let OX denote the vertical axis through
the rod (downwards) where O is at the upper end of the rod (in the vertical

position), and let OY be taken horizontally in a plane through the rod.
Consider a point P on the rod with abscissa x and horizontal displacement

from OX and Q a point (f, rj)on the rod above P. Assume that /«I so that, to

a firstorder approximation, the curvature is /'. It is proportional to the

moment about P of the part of the rod above P. Thus

ßpi = U(v-y)dt. (i)ax 0

(Cf. Euler [5; <| 32].) Differentiate (1) with respect to x to obtain

X

^0=|W(-|)dí=~WXP'P=dy/dX-
0

(Cf. Euler [2: If38].) On comparing the differential equation in p with von
Lommel's generalized form of Bessel's differential equation (3.6), one gets

p = J~x {AJh{2Xx*2) + BJ^3(2XxV% A2= ~ . (2)

where A and B are arbitrary constants. When the Bessel functions are expanded
in series

J±1/3(2Ax3'2) = (A*3/2)±1/3- Ž (- l)r(A2x3)7r!(r ± 1/3)! (2')
r= 0

The boundary conditions are p = 0 when x = /and p' = 0 when x = 0 since the

bending moment is zero. The second condition implies 4 = 0, and the first
condition can only be satisfied for B =f=0 when

J^(2M312) = 0 (3)

The smallest value of /satisfying this equation is the critical value for the rod. If

the length of the rod exceeds this, there will be a bend at the upper end. (The
smallest zero of J-±(x) is about 1.86635.)

(A fascinating article by G. Greenhill [1] extends Euler's results on the

stability of vertical rods to those of variable cross-section subject to the influ-

ence of gravity.)
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On theEarly History ofBessel Functions 119

In the course of his long and uniquely prolific career, Euler developed
many results involving Bessel functions in connection with problems of mechan-
ics and solutions of certain types of differential equations. But his results were
scattered over many memoirs with little or no interconnection and were occa-
sionally rediscovered by others. It remained for his successors in the nineteenth

century to recognize the value of developing a systematic theory of the proper-
ties of Bessel functions.

J.L. L. Lagrange, P. S. Laplace and M. A. Parseval were among other

eighteenth century mathematicians who encountered Bessel functions in their
researches. (See Watson [1], An important astronomical problem treated by
Lagrange will be discussed in Section 9.)

8. Analytical treatments of heat problems by Fourier and Poisson

The classical treatise of Fourier [1], described by Clerk Maxwell as "a
great mathematical poem", contains methods and results which have had a last-
ing influence on the development of mathematics and mathematical physics.

In Chapter VI he investigated an important problem in the diffusion of heat
and extended the results for J0(x) developed by others. Consider a very long
homogeneous right circular cylinder of radius a which has been gradually
heated so that the temperature at all the points equidistant from the cylindrical
axis is the same. The cylinder is put in a medium which is kept at zero
temperature and the problem is to determine the distribution of temperature in
the cylinder at a time t afterward.

Let v denote the temperature at time t of a point at a distance x from the
axis. Consider a cross section of unit length and the ring bounded by the radii
x and x -hdx. In the time interval (i, t+ dt) the excess of the amount of heat
flowing into the volume element over that flowing out is

L dx dx' ôx dx)' ' dx2 ôx)
where K denotes the thermal conductivity of the cylinder. But this quantity is
equal to the temperature increase times the volume element,

CD-2nxdx'^dt9dt

where C is the specific heat and D the density. Thus one gets

dv K (Ô2v 1dv'
Tt=CD{ôxï

(Ô2v +
xTx);
dv' °š*<«,t>0. (1)

The quantity of heat flowing into the volume element in the interval dt is
2nxK(dv/ôx)dt, and at the surface x = a, the loss to the medium is Ina-hv dt
where h is the external conductivity. (This is basically an extension of a law of
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120 J.Důtka

cooling due to Newton.) Thus one has the boundary condition

-K- (̂JX
= hv, x = a (2)

(JX

(Fourier [1; Art. 118-120]). He substitutes k= K/CD and assumes a particular
solution of (1) in the form v= wexp( - mt) where mis a constant and u depends
only on x. (Since the cylinder cools with time, m > 0.) On substituting the

particular solution in (1), Fourier [1; Art. 306] gets

d2u 1du m ...- + -- + -u = 0 (3)
...

dx2 xdx k

and the power series solution

„-1 g*2 gV g3*6 ' (4)
22 22-42 22-42-62 '

where #= m/fc.Thus m= Joix^fg). (The solution Y0(Xy/g) may be disregarded
since the temperature is finite when x = 0.) From the boundary condition (2), he

gets the equivalent of

hJoiOy/g)
= - V0/OK/0) (5)

where hhas been replaced by h/K, and proceeds to solve this equation in which

both sides are power series in g. By applying Rolle's theorem, he proves (in

incomplete form) that there are an infinite number of roots and that they are all

real. {Cf. Bernoulli's assumption that J0(2c^/l) = 0 has an infinite number of

real roots in Section 5.) Let gl9 g2, #3-. • denote the roots and let uu u2, m3,. . .
denote the values of u corresponding to these roots from (4). Then

umtxp(- gmkt)is a solution, m= 1,2,3, . . . . The complete solution is of the

form

00

v= X amumexp(-0mfci), (6)
m= 1

and he shows in Art. 314-319 how they may be obtained.
Fourier derives the equivalent of an integral representation previously ob-

tained by M. A. Parseval:

1ff
j0 (a) = - fcos(a sin x) dx. (7)

(See Watson [1; 9].) This representation can be formally verified by setting

y= (1/tt)Jocos(xsiní)áí, computing /, /' and integrating by parts to show that

y+ /' = - (1/x)/, the equation satisfied by J0(x) in (1.1). He applies this result

to the summation of the series foru(a) obtained from (4) after substituting

ga2/22 = 0. Thus

y= l-0 +
^-^

+ --* =
^icos(0sinx)dx. (8)
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j0 (a) = - fcos(a sin x) dx. (7)

(See Watson [1; 9].) This representation can be formally verified by setting

y= (1/tt)Jocos(xsiní)áí, computing /, /' and integrating by parts to show that

y+ /' = - (1/x)/, the equation satisfied by J0(x) in (1.1). He applies this result

to the summation of the series foru(a) obtained from (4) after substituting

ga2/22 = 0. Thus

y= l-0 +
^-^

+ --* =
^icos(0sinx)dx. (8)
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On the Early History of Bessel Functions 121

Now y = Jo(26) satisfies the differential equation

d2v dv

Let y(m)= dmy/d9m,m = 0, 1,2, ... . It follows from (8') that

-
y^Tj

=
j,+ 0y(m+iyy(m)>

w = 1,2,3,...

and thus he gets the continued fraction expansion

y -ie e e

y i _ 2 - 3 - 4 - ' • ' • (9)

In 1811 Fourier received a prize for his work, reviewed by Lagrange,
Laplace and Legendre, from the Academie des Sciences, although it was
criticized for its lack of rigor and was not published until more than a decade
later when Fourier, then the Secretary of the Académie, incorporated it in his
treatise (Fourier [1]).

I. Grattan-Guiness [2; 376] in his biography of Joseph Fourier claims that
the name "Bessel function" is a misnomer and that it was Fourier who first

recognized its potentialities. Now virtually all of Fourier's results, which deal
only with properties of J0(x), were obtained by D. Bernoulli, L. Euler, J.L. L.
Lagrange, M. A. Parseval and other eighteenth century predecessors.
Fourier's work lay unpublished in the archives of the Académie des Sciences in
Paris for years after Bessel [2] published his initial work on the functions
named for him and Fourier's results were unknown to Bessel.

Even in the field of the development of special functions in trigonometric
series, where Fourier's results were most acclaimed, L. Euler, D. Bernoulli
and others obtained results previously on the trigonometric expansion of
algebraic polynomials, as acknowledged by Fourier himself, etc. The looseness
of Fourier's derivations, which led to their rejection by the reviewers of his
memoir of 1811, has been criticized many times. For a recent example of these
criticisms, see P. J. Davis & R. Hersh [1; 262 if.].

S. D. Poisson (1781-1840) was Fourier's great rival in mathematical
physics in the early nineteenth century. He studied Fourier's essay in the
archives of the Académie. In 1823, Poisson [1] published a lengthy memoir
which had initially been presented in 1815. The memoir consists of two parts,
and in the second of these he develops some interesting representations of
Bessel functions.

These results stem from an analysis of the flow of heat in a solid sphere and
in a cylinder. For a homogeneous solid in which the temperature mat a point
(x, y,z) is a function of the spatial coordinates and the time t,Fourier [1; Art.
142-145] had considered a small rectangular parallelepiped centered at the
point, and the heat flow through the three pairs of parallel faces. This is equal
to the increase in temperature in the parallelepiped in the time dt Thus he
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122 J.DŮTKA

obtained the heat equation

Ou „fd2u õ2u Ô2u'

where the positive constant K = k/cd,where k is the conductibility, c the

specific heat, and d the density of the body. Poisson [1; 286 ff]considers the

case of a homogeneous sphere which has been heated and is permitted to cool.
He substitutes spherical coordinates in (10), multiplies u by r and obtains the

transformed equation

dru [ô2ru 1 ô ( ôru' 1 õ2ru~]

with a boundary condition at r= /,the radius of the sphere,

^ + b(u- 0 = 0, (11')

where b is a positive constant which depends on the material of the sphere (and
its surface) and ( is the temperature of the medium in which the sphere cools.
Poisson develops a lengthy solution of which only the final result can be given
here. He expands u in a series of spherical harmonics in {89<t>'
47cru= Zn00=o(2n+ l)Frt and, on p. 300, shows that Vn= NRn exp - {K2p2t),
where Rn satisfies the differential equation

í£ + ,'R,-^R. = 0 (12,

with a solution

71

Rn = rM+1 Jcos(rpcoscü)sin2R
+
1caáo;; n = 0, 1,2, ...

o

(where p is a constant). This, up to a factor, is essentially equivalent to a
particular case of Lommel's integral representation

j(z)=
(z/2)V

_fcos(2cosfl)sin2vö<i0, R{v)>-% (13)
r(v + i/2)vC¿

so that Poisson has obtained a representation fora Bessel function whose order

is half an odd integer. {Cf. Euler [3; f 1045].)
Similarly Poisson [1; 335ff] treats the problem of the distribution of heat in

a finite homogeneous right circular cylinder of radius Xwhich has been heated

and then permitted to cool. In (10), he substitutes cylindrical coordinates

(5, '¡/>x) and gets

du {õ2u d*u ídu 1 ¿Vy fl4ì
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On theEarly History ofBessel Functions 123

The cylinder is immersed in a medium of constant temperature which may be
taken as zero. At the lateral surface of the cylinder where s = À,one has the

boundary condition

and at the bases where x = /and x = - /,one has

fx+ ßu= O, ! + /řB-0 (14")

respectively. In solving this, Poisson [1; 340] obtains the integral

Rn = sn+Í2¡cos(s'hcos(ú)'sm2na>dco (15)o
where h is a variable which assumes positive values.

Poisson investigates the particular cases in which the radius of the cylinder
is very small and very large. For the latter case, Poisson [1; 346 ff]is led to
consider the approximations

n

If,. >do). £ (-l)m(fc/2)mV= -If,.Jcosacos«))
>do). = ££

(-l)m(fc/2)m

(^,)2/
•

0

{Cf. (7) above. It may be proved in an analogous manner.) Poisson shows that
j; satisfies the differential equation for J0(k). The smaller roots of y = 0 can be
obtained from the series expansion but this is impractical forlarge k. He
rewrites the differential equation for y in the form

For large values of k, the term involving 1/4/c2can be neglected and the
equation can be approximated by that for a harmonic oscillator. Poisson gives
a solution for(16), i.e. J0(k) in the form

^-C?.^)"-**^)*" <i7)
and proceeds to determine the values of Amand Bmin terms of Ao and Bo.
From the recursion relations for the coefficients in (17) we have:

2(m + l)Am+1 + [1/4 + m(m + l)]£m = 0;
- 2(m + l)Bm+l + [1/4 + m(m + l)]^m = 0

form= 0, 1,2, 3 ... . The constants Ao and Bo can be determined from the
values of yjk and dyjkjdk as k-> oo . Thus

A0 = (ycosk~--£smk) Jk; Bo = (ysink + ^cos^ J^/k.
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124 J.DŮTKA

Poisson substitutes the integral fory (after (15)) here and obtains

rr (T ( ~, - ->&' <>cü . A, ~co . oco'] f
^4o = 'A cos ( 2fc~,

sin2
- ->-T-r cos2 - + sml

.
2fecosz~--sm2~-

. 1 do)
f

(18)
n

/- f F . / , . 7C0' ? (Ü . / _ 7CO . « u)'~|
#o = V

/-k smí
.

2fcsm2
, . 7- I•cos2? -- 4-sin

. I 2fccos2
_ 7- •sin2-. «

1 do.
o

After lengthy reductions, he lets k-> oo and finds Ao = Bo = •V/Ťč.
A concise demonstration of Poisson's results is given by Watson [1; 11-12].

9. On an astronomical problem of Kepler
and some trigonometric series solutions

In 1609, J.Kepler (1571-1630) published his famous treatise [1], in which
he gave empirical laws summarizing the results of many years of planetary
observations. In Newtonian terms, there were two laws - the firstwas to the

effectthat the orbits of planets are ellipses with the sun at one focus. The
second law states that the radius vector, connecting the sun and a planet,
sweeps out equal areas in equal times. About sixty years later, I. Newton
derived Kepler's empirical laws as a consequence of the law of inverse squares
in his theory of gravitation.

Kepler developed a remarkable equation in Chapter LX of his treatise

which subsequently generated a large literature. Before taking up the specific
contributions of J. L. L. Lagrange and F. W. Bessel to the solution of

Kepler's equation, it is necessary to develop some of the astronomical back-

ground.
Consider a planet moving in an ellipse with parametric coordinates (a cos £,

f?sin£) about a center C:(0,0). The sum S is at a focus (ae,0) where e is the

eccentricity of the ellipse, and A:{a,0) and Ä:( - a,0) denote the perihelion and

aphelion respectively. Let P denote the position of the planet in its orbit at

a particular time tmeasured from the instant when the planet passes through
A. With the ellipse there is associated a circumscribed circle with parametric
coordinates (acosE, asin£), tangent to the ellipse at A and A' and with

P there is associated a corresponding point Q on the circle at time t.The angles

ACQ = E and ASP - W are called the eccentric anomaly and true anomaly,

respectively. Finally, M = 2nt/T, where T is the period of revolution of

the planet, is called the mean anomaly, so that M can be expressed in terms of

time t.
Now

t area of elliptical sector ASP __area of ASP
T

~~
area of ellipse nab
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~~
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Poisson substitutes the integral fory (after (15)) here and obtains

rr (T ( ~, - ->&' <>cü . A, ~co . oco'] f
^4o = 'A cos ( 2fc~,

sin2
- ->-T-r cos2 - + sml

.
2fecosz~--sm2~-

. 1 do)
f

(18)
n

/- f F . / , . 7C0' ? (Ü . / _ 7CO . « u)'~|
#o = V

/-k smí
.

2fcsm2
, . 7- I•cos2? -- 4-sin

. I 2fccos2
_ 7- •sin2-. «

1 do.
o

After lengthy reductions, he lets k-> oo and finds Ao = Bo = •V/Ťč.
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By orthogonal projection,

t area of circular sector ASQ mq?l of ASQ
T area of circle no2

and

area of ASP = ¿(area of ACQ - area of ASCQ)/a

Thus

t __M (a2E - a2esinE) E-esinE
r~~27Ť~ lna2

-
2tü

or

M = E-esmE (1)

This is Kepler's equation. The problem is to solve for £, the eccentric anomaly,
in terms of M, the mean anomaly. (Moreover, the radius vector SP and the true

anomaly W can also be expressed in terms of £, so that all the geometric
elements of the orbit can be expressed as functions of E and thence as functions
of M once (1) is solved.)

Kepler believed that the equation could not be solved exactly because of
the heterogeneity of E and sin£. His method of obtaining an approximate
solution was the onerous one of calculating tables of the mean anomaly M and
also of the true anomaly W for integral values of the eccentric anomaly E, and
using interpolation to obtain intermediate values. Numerous successors in the
seventeenth and eighteenth centuries gave approximate solutions of greater or
lesser value. (E.g. Isaaac Newton in his treatise Principia Mathematica of 1687
gave a graphical construction for a cycloid (Book 1, Prop. XXXI) stemming
from Christopher Wren from which an approximate solution for E in terms of
M can be readily obtained.)

In 1770, J.L. L. Lagrange (1736-1813) gave an analytical solution of the
Kepler equation [1]. He developed a theorem for the expansion of a function,
defined by an implicit equation, in a series. Let y= x + acp{y' where a is
a parameter and <p(y) has a power series expansion. Let f(y) be a function
which has a power series expansion. Then for a sufficiently small, f(y) may be
expanded in a convergent series

f(y) =/(*) + Ž -" ~, [/'(a) •(cp(a)n • (2)
n- i n. au

(See e.g. Whittaker & Watson [1; 132-133].) On applying his theorem to (1)
he found the formal solution
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126 J.Důtka

The firstfew terms, which usually suffice forapplications, are

£ = Af+ (e ~ |č3)sinM + ' <?2sin2M + fé?3 sin 3M + • • • . (3')

[Let r denote the radius vector SP. Then r2=(ae - acos£)2 -fb2sin2E
where r= a{' - ¿cosJE). From this and (2) itfollows that r/a can be determined
in terms of M by setting/(£) = 1- ecosE. Similarly, the true anomaly, W, can
be obtained from tsmW - bsinE/(acosE - ae). For on getting the equation
(1 - cos W )/(l + cos W ) = (1 - e)(l - cosJB)/(14-e)(l -fcos E) from this, and

noting that tan2(Wy2) « (1 - cos FF)/(1 -fcos W) gtc. one finds tan2(W/2) =
(1 - e)tan2(£/2)/(l + e). Thus /(£) = ^(1 - e)/{l + eYtmE/X in (2).]

But in (3), the computation of sinnM in terms of sines or cosines of multiples
of M to obtain the derivatives, is laborious and Lagrange was led to consider
the series forE and r in the forms

E - M = f ^„sinnM, - = 1+ ¿2/2 + £ BncosnM (4)

where

T^W¿o m!(n+m)lW '

2 '2J ¿o m!(n+m)! W
' W

Lagrange obtained the equivalents of Anand Bn for n= 0,1,2,3. From (2.10)
one sees that

An= 2Jn(ne)Jn, Bn= - 2(e/n)J'{ne). (5')

(See Watson [1; 6].)
The method employed by Lagrange for obtaining (5) from (4) is indirect

and complicated, particularly for n even moderately large. In 1817, F. Carlini

(1783-1862) gave a remarkable asymptotic approximation forAn9[1], for the

case where n is large. Also, among the papers leftby P. S. Laplace (1749-1827)
and incorporated in his great treatise [1; Tome 5,Supplement, Sect. 2] there is

an asymptotic formula for Bn. {Cf. Watson [1; 6-9],)
Bessel [2] states that he had seen the solution to Kepler's problem given in

Lagrange's Mécanique Analytique, but he had found itclumsy. As a result, he

developed a different method of solution involving infinite trigonometric series

whose coefficients yield the functions since named for him.

Before treating Bessel's solution, itis useful to consider his prior application
of finite trigonometric series to the reduction of data obtained from astronomi-

cal instruments.
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On theEarly History ofBessel Functions 127

One has for integers p, n,n+ 0:

"¿' *,*=-<>. l'cos?^ ÍOforP + 0,mod„),
v=i n ~.! w [n forp ==0 (mod n).

These results have been known for centuries and can readily be proved analyti-
cally. (From a geometric standpoint n uniformly distributed particles on a unit
circle can be regarded as the vertices of a regular polygon whose center of

gravity is at the center of the circle for n> 1.) By simple trigonometric reduc-
tions it follows that ifq is an integer, one gets the orthogonality relations

"~ 1 . 2pvn 2qvn> sin
.

cos - - = 0,
v=l n n

nZ^ ipvTí 2qvn nZ} . 2pvn . 2qvn
2^ cos cos = ¿^ sin sin ,
v=i n n v=1 n n

ifneither p■+ q nor p - q = 0 (mod n)

for ±f ifp-q = 0 or p + #= 0 (mod n).
n or 0, ifp + q and p - q = 0 (mod n) (6X)

Bessel's approach to the determination of the coefficients of a finite trigon-
ometric series to represent a function depended on the application of the
method of least squares. As early as 1813 in a letter to Gauss, he outlined this
method and in Bessel [1] and earlier astronomical journals, he applied the
method to the graduation of a circle in an astronomical instrument. Let the

representation of y{t) be

oc n
y(t) = -y + Z K cos ¡it + ßß sin ßt] , (7)

and solve for the coefficients in the series

y»= 7+I fl,cos^- + ^sifl^- Ai= 0,l,2,...,n-l, (8)

where yvdenotes the observational data and the number of equations n exceeds
the number 2m + 1 of unknown coefficients. The "best" values in the sense of
the method of least squares depend on minimizing the sum of squares,

with respect to the coefficients. On differentiating one finds

d vT c (2vnW2 o"v 2^v% ,Vc /M 2/xv^
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128 J.Důtka

On setting each equation equal to zero and using the orthogonality relations

(6'), one gets

2"-1 2fivn _ 2""1 . 2fivn A^ ^ ,m

so that all the coefficients in Sm(1i2) are determined. The second derivatives of

the sum Ev^oC^v - Smí^žr)]2 with respect to the individual coefficients are all

positive so that the values given by (9) yield a minimum. It follows that the

minimum value of the sum L^àb^-S^)]2^:^2--? [t + I"==i(^ + ^)]-
Bessel found the important property of "finality" of the coefficients deter-

mined by the application of the method of least squares to trigonometric
polynomials and which is a consequence of the orthogonality relations (6'). The
values of the coefficients in (9) remain unchanged when mis replaced by m+ 1.
Only the new coefficients am+1, bm+x have to be calculated. (See Burkhardt
& Esclangon [1] for further details.)

The method of developing formulas forthe case of an "arbitrary" periodic
continuous function f(t), of period 2tc,approximated by a finite trigonometric

polynomial Sm(t) = (ao/2) + I^=i[aMcos/xř + ř^sin/ií] proceeds in an analogous
manner. If p and q are non-negative integers, one gets the orthogonality
conditions

2tt 2«

Jsinpť cos qtdt = 0, Jat = 2n,

(10)
2r j 2c . fOfor p + q1 cosptcosqtdtj = swpťsmqtdt

. = <
o o [tcforp = g.

By minimizing Iì*lf(t)-Sm{t)]2dt, one gets

j
2tc j

2tc

*p= - J/W cosMidt9 6M= - J/(O sin jai át . (1 1)
7C 0 7T 0

The minimum value of the error is non-negative and from (10) and (11)

7 [/« -wo]2a =7 [/en2*- *i~f+ i i#+*al
and thus one gets Bessel's inequality

Tc/w]2*^ «rf+x ta'+̂ 1 (i2^
Bessel's condition of finality holds. If one lets m-> oo, from the Dirichlet

conditions one gets

/« = T + Ž »«coŝř+ fc*sin̂ř]• (13)

(The Dirichlet conditions, which are sufficient forthe validity of the repres-
entation (13), were discovered in 1829, after the publication of the work of
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/« = T + Ž »«coŝř+ fc*sin̂ř]• (13)

(The Dirichlet conditions, which are sufficient forthe validity of the repres-
entation (13), were discovered in 1829, after the publication of the work of

128 J.Důtka

On setting each equation equal to zero and using the orthogonality relations

(6'), one gets

2"-1 2fivn _ 2""1 . 2fivn A^ ^ ,m

so that all the coefficients in Sm(1i2) are determined. The second derivatives of
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minimum value of the sum L^àb^-S^)]2^:^2--? [t + I"==i(^ + ^)]-
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2tt 2«

Jsinpť cos qtdt = 0, Jat = 2n,

(10)
2r j 2c . fOfor p + q1 cosptcosqtdtj = swpťsmqtdt

. = <
o o [tcforp = g.

By minimizing Iì*lf(t)-Sm{t)]2dt, one gets

j
2tc j

2tc

*p= - J/W cosMidt9 6M= - J/(O sin jai át . (1 1)
7C 0 7T 0
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7 [/« -wo]2a =7 [/en2*- *i~f+ i i#+*al
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Tc/w]2*^ «rf+x ta'+̂ 1 (i2^
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On theEarly History ofBessel Functions 129

Bessel and Fourier, and can be found in textbooks on Fourier series. Actually,
the condition that f(t) be continuous in [0, 2tt] can be relaxed considerably.)

Bessel's solution of the Kepler problem [2] will now be discussed. He
states that the (arbitrary periodic) function U (of period 2%) can be represented
by (the infinite trigonometric series)

oo

U = Yj (An sin nu + Bn cos nú) (14)

where

1 2ti
1

2tt

An~- JUsinnudu, JBn= - JU-cosnudu. (15)n 0 n 0

{Cf. (14) and (11).) He does not discuss the conditions under which (14) and (15)
hold, but says that (15) can be obtained either by finite integrations or by
application of a method which he had previously used in reducing observational
data (the method of least squares).

Bessel's method of developing his results is lengthy, and a simpler deriva-
tion will be given here. From (1), E - M is a periodic function which vanishes
when M is a multiple of n (at perihelion and aphelion). From (14) and (15)

00

E - M = ^ A„sin nM
7!=1

where

~An = ](E- M)sïnnMdM.2 o
On integrating by parts, one has

n it

n fcos nM , 1 f
2^=

- -- d£, = - cosn(£-esinjE)d£. (16)
o o

It may be shown that nnAn/2, a function of n and e, satisfies the differential
equation (1.1) and thus that An= 2Jn(ne)/n. This agrees with (5').

Similarly, from the discussion following (3') above, it is seen that radius
vector r is an even periodic function of M, with period 2k, and by an integra-
tion by parts, one has

n n - e n
-Bn1

= J(l -ecosJ^-cosnMáM^
e
fsin£-sinn(£ - esinE)dM. (17)1 o n o

From this, as above, it follows that Bn = -2eJ'(ne)/n as in (5').
Bessel also gave an expansion for the difference between the true anomaly

and the mean anomaly, i.e.,the "equation of the center",

W-M= ¿ CsinnM
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130 J. DŮTKA

where, on integration by parts,

n-Cn=2 " '(W-M)sinnMdMv ; = ¿^l
J
} **n(E-e*nE)

1-ecos£2 " Jv ; n J 1-ecos£ v ;
o o

Bessel evaluated this integral as a power series in e by a complicated method.

This was considerably simplified in Bessel [3] by expressing y/' - e2/

(1 - £COsE) as a power series in /= e/(l + y/l - e2) of the form

yi~~e =1 + 2? /mcosmE1-ecosE +
m4r/

The coefficient of/m reduces to iz'_Jn-.m{ne) + Jn+m{ne)]ln).
It is worthwhile to compare the work of Fourier and Bessel in the develop-

ment of periodic functions in infinite trigonometric series. The development of

a function in an infinite series of multiples of cosines was considered by
Clairaut in 1756, and a corresponding series for multiples of sines by
Lagrange between 1762 and 1765 (Whittaker & Watson [1; 166]). A develop-
ment of the cosine series in a form similar to that later given by Fourier was

developed by Euler in 1777 and published posthumously in 1793. In the first

decade of the nineteenth century Fourier and C. F. Gauss (1777-1855) came

upon "Fourier series" at about the same time but their work remained unpub-
lished. (See Burkhardt [2; 892, 928].)

The work of Fourier remained unpublished until 1822. (Fourier [1] and I.
Grattan-Guiness [2].) But in 1816, Bessel developed "Fourier series" indepen-

dently and by a different method and this work was published in 1819 and
earlier in astronomical journals. Now it is a well accepted principle in scientific
research that publication establishes priority. By this criterion Bessel's achieve-

ment deserves adequate recognition.
For further details on the justification of Bessel's method of developing

infinite trigonometric series see A. Sommerfeld [1, Ch. 1], M. Bôcher [1] and
H. Davis [1].

10. Bessel's systematic investigation of his functions

In considering the perturbations of the elliptic orbit of a planet in the solar

system by another planet, it is convenient to consider the direct effect of the

perturbing planet and the indirect effect due to the motion of the sun caused by
the perturbing planet. These effects were investigated by A. C. Clairaut, who

was successful in predicting the return of Halley's comet to perihelion, with an

error of about a month, after some extremely laborious calculations, and by
J. D'Alembert and L. Euler, among others in the mid-eighteenth century.

Bessel [3] set himself the task of investigating the indirect effect of the sun's

motion, and after a detailed discussion of the astronomical considerations

involved was led to a systematic treatment of the functions which had already
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On the Early History ofBessel Functions 131

arisen in his analysis of the Kepler equation. (See Bessel [2].)
Bessel investigated properties of the functions

1
271

jh(k) = - f cos(hE - fcsin E)dE; h an integer (1)In 0
which he had earlier encountered. (See (9.16).) Actually Bessel used the notation
/£forthe modern notation Jh(k). If ones sets y= JÔcosn(cp- x sin (p)dq>, then
after an integration by parts of dy/dx with respect to <p,one gets

d2y Idy n2* , . vË~r^ H 7- = - n yH cosw•cos n(û?, - x sin
.
(Z>)vao>Ë~r^

dx2 xdx7- x ¿

= - n2y + -^ [sinn(<p - xsin(p)]5 + -j y
or

d2y idy 2/ 1'
áx2 xdx ' x/

which, on replacing nx by x yields Bessel's differential equation (1.1). Bessel
gave the series development

and the integral evaluations

e 2*
- [ cos hM cos E dE = JA(fce),
Z7C 0

1 2n JJhe) ^
-1 f sinhM sin E dE = íĴJhe) - Jh+i(he)2% 0 e

as well as the recursion formulas developed from

2tt 2rc

e Çcos hM' cos E dE e ÇsinhM- sin E dE
Jy[ z=z I - JyJz= I - - - ■ -

2n J 1- e cos E In J 1- e cos E '
o o

i.e.,

2M 2M'= Jh-dhe) + Jh+i(he), = Jh-i(he) + Jh+ 1(he). (3)e e

From (2), he obtained expansions for

cos W, sin W, reos W, rsin W9 (cos W)/r2, (sin P^)/r2 .

Similarly, from (2) and (3) there follow expansions for

logr, r",rncosmW, rnsinmW, rncosmE, rnsinmE.
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132 I Důtka

Bessel also obtained the equivalents of the recurrence relations (2.4) from

which the continued fraction

Jh(k) _ k/2h _fc/2U2/4ft(Hl)fc2/4(Hl)(H2)
Jh-t(k)

_"
1- kJh+l(k)/2hJh(k)

~
1- 1- 1- - U

follows, as well as the differential equation

From the Taylor series expansion

40 +s)1*«»-] m
Bessël also derived a second integral representation

Jh(k)= {2ĥ 1)H¿ T (cosE)2hcos(ksinE)dE. (7)

(Cf. Poisson's integral representation (8.15).)
Bessel concluded his memoir with a table of J0(k) and Jx(k) to ten decimals

from k= 0 to k= 3.2 with an interval 0.01 using (7).
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Berliner Akademie (1816-17), pubi. 1819, 49-55, Repr. Abhandlungen, I, (1875), 17-20.
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Bessel also obtained the equivalents of the recurrence relations (2.4) from

which the continued fraction

Jh(k) _ k/2h _fc/2U2/4ft(Hl)fc2/4(Hl)(H2)
Jh-t(k)

_"
1- kJh+l(k)/2hJh(k)

~
1- 1- 1- - U

follows, as well as the differential equation

From the Taylor series expansion

40 +s)1*«»-] m
Bessël also derived a second integral representation

Jh(k)= {2ĥ 1)H¿ T (cosE)2hcos(ksinE)dE. (7)

(Cf. Poisson's integral representation (8.15).)
Bessel concluded his memoir with a table of J0(k) and Jx(k) to ten decimals

from k= 0 to k= 3.2 with an interval 0.01 using (7).
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